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Abstract—Dynamic spectrum auctions have been considered
a promising approach to effectively re-distribute spectrun
resources in the secondary spectrum market. However, the
existing spectrum auctions are limited to allocating spectm
in units of channels. Recently software defined radio techrio-
gies make exciting progress in operating radios with variake
bandwidths. They push the need for designing more flexible
spectrum auction frameworks that allow to allocate spectrun
with variable bandwidth to the secondary user. In this paper
we design truthful spectrum auction frameworks in which
secondary users can bid for, and then be actually allocated
spectra with variable bandwidths. We first present a truthful
framework for auctions of variable-bandwidth spectra in
single collision domains, which can achieve system efficien
Then, we propose a similar framework for multiple collision
domains and rigorously show that it is also truthful. Resuls of
extensive evaluations demonstrate that both of our spectm
auction frameworks for variable bandwidth are effective.

building wireless networks in which the channel bandwidth
can be adaptively changed. All the exciting progress in
operating radios in variable bandwidths becomes an outcry
for spectrum auction frameworks that allow primary users
to allocate spectra in variable bandwidths, not just chisnne
with a fixed bandwidth.

To the best of our knowledge, no existing work has
studied variable-bandwidth spectrum auctions. In thisepap
we aim to design a truthful auction framework that supports
allocating variable bandwidths of spectra. Moreover, sinc
system efficiency is a natural requirement when considering
a spectrum auction, we also require our auction framework
to be system efficient. Here system efficiency means that
the system-wide total valuation should be maximized (see
Section Il for the precise definition).

The major challenges in designing such auction frame-
works come from the nature of variable bandwidth. First,

|. INTRODUCTION bidding for variable bandwidths makes it more complicated

With the fast-growing popularity of wireless network to describe a secondary user’'s demand for, and valuation of,
technologies, the wireless spectrum is becoming increas-the spectrum. Second, when allocating variable-bandwidth
ingly crowded. At the same time, measurements show thatspectrum, we need to be more careful in order to avoid
the spectrum allocated through static auctions is underinterference. Different from the channel allocation, wher
utilized [20]. In order to utilize wireless spectrum more interference happens only when neighbors are assigned
efficiently, recently a lot of attention has been given to to exactly the same channel, in the variable-bandwidth
building a secondary spectrum market, in which primary spectrum allocation, interference exits as long as thelawer
spectrum users can dynamically sell available channels toof neighbors’ assigned spectra is not zero. Third, in order t
secondary users, through real-time auctions. Some spectru guarantee truthfulness, it is more challenging to deteemin
auction frameworks have been proposed, with the goals ofthe amount of charge for a variable bandwidth spectrum
truthfulness, system efficiency, maximum revenue and/or than for a channel with a fixed bandwidth.
fairness (e.g., [32], [14], [10]). In addition to the above challenges, there is another factor

Dynamic spectrum auctions are effective in re-allocating that contributes to the hardness of the problem we try to
spectrum resources and providing incentives for primary solve: In this paper, we allow each secondary user to have
users to re-distribute their spectrum. However, we notice multiple devices located at different positions. To bid for
that the existing auction frameworks have the following spectrum, each secondary user submits his valuation of
limitation: In existing auction frameworks, available spe  spectrum for each device he owns. This further complicates
trum can only be auctioned in units of channels, i.e., the spectrum auction problem, because a secondary user
each secondary user bids for one or multiple channels andcan cheat in his claim of valuation on one device, which
the payments due are calculated based on the allocatednay benefit his other devices, so that he can obtain higher
channels. In contrast, recently advanced software definedoverall utilities. We will show how to tackle this difficulty
radio technologies push the need for more flexible spec-in Section IV.
trum auction frameworks that allow to allocate spectra In order to support variable bandwidth spectrum auctions,
with variable bandwidths to secondary users. Specifically, we need to enable secondary users to submit their valuations
these technologies enable the communication devices tofor each possible bandwidth of spectrum on each device.
operate with variable bandwidths, e.g., the 802.22 draft So, unlike existing dynamic spectrum auction frameworks,
already includes the support for variable bandwidth [2]. our frameworks use a valuation function to describe each
Moreover, recent studies (e.g., [31], [3]) have focused on secondary user’s valuation of all possible allocations of



spectrum on each device. Hence, in an auction, each secd, ¢ submits a valuation function; 4(). The input of this
ondary user submits a set of valuation functions, not a set ofvaluation function is the bandwidth that is available to
numbers, to the primary user, as his bid. Valuation funstion the device(i,d). The output of this valuation function is
promise a more flexible form of bidding, by which variable the secondary usefs valuation on devicel of using this

bandwidth of spectrum can be auctioned.

assigned bandwidth. Intuitivelyy; 4() represents the’s

Our main results in this paper are two spectrum auction satisfaction levels on deviceof using different bandwidths

frameworks for allocating variable bandwidths of spedtra,
different settings. Our first framework, called VSA-S, is fo
Variable bandwidth @ectrum_Auction in Sngle collision
domains. We rigorously show that VSA-S is truthful. In
addition, we show that VSA-S isystem efficienQOur sec-
ond framework, called VSA-M, is for ®riable bandwidth
Spectrum_Auction in Multiple collision domains. We show
that it is truthful just like VSA-S.

Our contributions can be summarized as follows:

« We are thdfirst to study spectrum auctions for allocat-
ing variable bandwidth spectrum to secondary users.

o For variable bandwidth spectrum auction in single
collision domains, we present an auction framework
VSA-S. We rigorously show that VSA-S is truthful
and system efficient.

« For variable bandwidth spectrum auction in multiple
collision domains, we present a framework VSA-M
that can be shown to be truthful.

« We have done extensive experiments to evaluate our
spectrum auction frameworks and the results demon-

strate that they have good performance.

The rest of this paper is organized as follows. In Sec-
tion Il, we present the technical preliminaries. In Sec-
tions Ill, we propose VSA-S and in Section IV we propose
VSA-M. Section V is dedicated to evaluation results. Fi-
nally, we briefly review related literature in Section VI and
then conclude in Section VII.

Il. TECHNICAL PRELIMINARIES

of spectra. We adopt the standard assumption from the
literature of economics [17] that every valuation function
v;. 4() is strictly increasing and quasi-concave.

Upon receiving the valuation functions from the sec-
ondary users, the primary user first assigns spectrum with
variable bandwidth to each winning device according to the
valuation functions, and then computes the corresponding
prices for using the spectra charged to the secondary users.
Denote byw; 4 the bandwidth of spectrum that is allocated
to device(i, d) in the auction.

A. Truthfulness

In the spectrum auction, the utility for each secondary
useri is decided by the profile of valuation function sets of
all secondary users. We denote this profile\byFormally,
we have:

(1)

Intuitively, this means that the utility of secondary user

is equal toi’s total valuation of the spectra assigned to his
devices minus the payment he needs to make for his use of
spectra.

Given this game theoretic model, a spectrum auction in
our scenario is truthful if and only if it is alominant
strategy equilibrium(DSE) [24] for all secondary users
to submit their true valuation functions. Intuitively, a BS
guarantees that every player of the game has incentives to

We consider spectrum auctions in which a primary user play the strategies specified by the DSE regardless of other

sells spectra with variable bandwidths #§ secondary
users. Suppose that each secondary users D, devices

players’ behavior.

that need to use a bandwidth of spectrum. We use an inter-Definition 1. A spectrum auction is said to be truthful if it is
ference graph to model the interference among the devices DSE for all secondary users to submit their true valuation
If and only if two devices are within the interference range function sets, i.e., for any secondary useassuming’;" ()
of each other, they become neighbors (i.e., connected byiS the true valuation function set of secondary usefor
an edge) in the interference graph. (Throughout the paper,any Valuation function set;!() submitted by secondary
we use “neighbor” to refer to a neighbor in the interference USers for any profileV_; of valuation functions submitted
graph.) by all secondary users other than

Assume that the information about available spectrum
is stored in an occupancy database as required by FCC [1]
and it changes slowly over tim&uppose that the frequency
spectrum held by the primary user available for auction is
(fi, fr), where f, — fi = W. Unlike the previous works
where secondary users submit numbers to represent thei
valuations in order to bid for channels, in our auctions Definition 2. A spectrum auction is system efficient if

each secondary usérsubmits a valuation function séf; the spectrum allocation achieves the maximum system-wide
to the primary user. In particular, for each of his device total utility, i.e.,

wi (V). Vi) = wi(VA(), Vo).

Another goal of our design is to achieve system efficiency
for the spectrum allocation. System efficiency is defined as
Iollows.

1The technologies of detecting primary users and accessingpectrum _
over small timescales have been proposed by some existinksye.g., (W11, Wia, ) = arg MaXw; 4 Z Z Vi,d (Wi,d)-
[19]. i d



IIl. AUCTION FRAMEWORK FORSINGLE COLLISION
DOMAIN

i's valuation of thejth such slice assigned to his devi¢e
Note that, because; 4() is strictly increasing and quasi-

In this section, we design and analyze a variable band- concave, we have
vyidth spe(_:trum auct.ion framgwork,_ VSA-S,.f(_)r the sitqa- 0 < bigr <bigs <. <bigwe
tion in which all devices are in a single collision domain.
The design goal is to achieve the maximum system-wide Suppose there aréV slices available to be assigned.
total valuation and to guarantee truthfulness as well. Al- Now the problem becomes a multi-unit auction of spectrum
though the major contribution of this paper is the design slices. We adopt the well-known multi-unit VCG auction
of the spectrum auction framework for multiple-collision mechanism to achieve system efficiency and truthfulness.
domains, thoroughly studying a simpler case allows us to The key ideas of multi-unit VCG are greedy spectrum
better understand the nature of spectrum auction for viariab allocation and opportunity-cost-based payment. In partic
bandwidth, and develop the key technique also used inular, we rank all valuations of spectrum slices (from all
multiple collision domains. secondary users) and pick th€ largest. Our algorithm
assigns theV spectrum slices corresponding 2 highest
slice valuations. A winning secondary ugds charged the
i . . total valuation of all the newly assigned slices that replac
Now we first formalize the spectrum allocation problem ipe slices originally assigned fts devices, when the system
in a single collision domain. Suppose that after the augtion s without i.

each device(i, d) has been assigned a bandwidth, of  sing the ideas above, we design VSA-S, the details of
spectrum. Since all devices are in a same collision domain,\yhich are shown in Algorithm 1.

to avoid interference, we must have, >, wia = W. In VSA-S, B'(1) denotes thdst element of a sequence
To maximize the system-wide total valuation, the spectrum g/ simjlar notations are used throughout this paper. Note
allocation problem becomes the optimization problem that when we write the details of VSA-S, each element
Maximize szi’d(wi,d) of B §h0u|d not only b_e a val‘uatlcl)bli_,dnj; it should also
—~ = contain the corresponding indéx d, j). Since the elements
Subject to:z Zwi=d = W,andw; 4 > 0, Vi, Vd.
i d

A. Design of Auction Framework

of B’, A, P, P; all originate fromB, they should similarly
contain the indices.

¢ Algorithm 1 VSA-S: Variable bandwidth spectrum auction
framework for single collision domain

INPUT: Available spectrum(f;, f); valuation function set

V; from each secondary usérand a small numbet.

2: OUTPUT: Allocated spectrum for devicé of each secondary
useri: (L;,q4, H;,q4), and pricep; for eachs.

One straightforward solution is to use the method o
Lagrange multipliers [4] to find the maximum total val-
uation and the bandwidth of spectrum that each device 1
should be allocated. In the payment step, for each winning
device, the price of the bandwidth can be calculated in the
fashion similar to the well-known VCG mechanism[27]. In

particular, after temporarily removing the winning device 3f N = .
. . . . 4: for each secondary useérdo
(i,d), the above spectrum allocation algorithm is executed ¢ pi = 0.
again without(i, d). Then the price foli, d) is calculated 6: for each devicel do
as the sum of the valuation increases of all other devices. 7: for each slicej s.t.1 < j < N do
However, when the number of devices is large, to find 8 (Li,a, Hi,a) = (0,0).
the maximum total valuation and compute the payments 1%_ en%’?éjf: vi,a(j€) = via((j = De).
will take a very long time, which is not desirable for real- ;. and for
time spectrum auctions. To remedy this problem, we design 12: end for
a method to enable allocating the spectrum with maximum 13: Compose a sequend®, usingb; 4,; for all ¢, d, j.

total valuation with low computation cost and computing 14
the payments for all devices in one round. In particular, 12;

we discretize the spectrum into slices. Assume that there ;.

is a constant such that all assigned bandwidths must be 1g:
multiples of .2 Hence, we assign the bandwidif in 19:
slices of size:. We also discretize each submitted valuation 20:
function v; 4() to obtain a sequence of valuations; 1, g;
bi,d2s- -+ b a,w/e, Where 23
. . 24:

bi,a.; = vi,a(je) — via((j — 1)e). 25

Intuitively, eachb; 4 ; is a valuation of one slice of band- g?
width of sizee. To be more preciseé; 4 ; is secondary user g
29:

2Since the precision of involved computing is limited, theraist be 30:

such a small constart

B’ = sort(B). llordering from largest to smallest.
A= (Bl(1)7 Bl(2)7 o 7BI(N))
P=(B'(N+1),B'(N+2),---,B'(2N)).
for eachi do, P; = {by q,4|bir.a.q € P andi’ # 4} end for.
s = fl.
for each: do
n; = |{b7;7d,q|Vd7 Vq7S.tbi,d7q S A}|
if n; > 0 then
for eachd do
Ni,d = |{bi,a,q|Vq,S-thia,q € A}|
Wi,d = Ni,d * €.
(Li,a, Hija) = (8,8 4+ ngya - €)
S=S84+MN;d-E€.
end for
end if
pi = ,,_1" Pi(m).
end for




B. Analysis of Framework

Now we formally analyze SAS. We first prove the
truthfulness of SAS. Then, we prove its optimality.

Theorem 3. In single collision domain, SAS is truthful.

Proof: Consider an arbitrary agent Given V_;, the
profile of valuation function sets submitted by all entities
other thani, consider two possible strategies of agent
The first strategy is that agentsubmits its true valuation
function setV;”, while the second is that agentsubmits
an arbitrary valuation function séf. Clearly, these two
strategies may lead to different values of variables in our
SAS mechanism, and thus different payoffs of agerftor
convenience, we use superscripto denote the value of a
variable whenV is submitted, e.g»? is the value ofn;
whenV7! is submltted correspondingly, we use superscript
A to denote the value of a variable wheft is submitted,
e.g., ni is value of n; when VA is submitted. Those
values that are not affected by agéstsubmitted valuation
function set remain without either superscript, etg.,;
for i’ #i. It is easy to get that
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Let B’T (resp., B’A) be the subsequence &'’ (resp.,
B4 ) that consists of all elements 4 ; for all d and all ;.
By our SAS mechanism, clearly we have that

T
K3

S

Ti.d

Z bzdm_

m=1

3

D»; 3

B’} (m). )
1

d=1 m

On the other handzd 1 Zn; 2 bl is the sum ofn!

elements ofBi . Let M4 be the set of indices for these
elements. Then, we havé/,| = n* and that

Z Zz%“n— > B (m). 3)

=1m=1 meM
Now let B ; be the sequence we obtain by removing all
elements ofB’T from B’". Note that when we remove all
elements oiB’ from B, we get the same sequenBé,.
It is not hard to see

n; N

Plm)= > = B (m) (4)
m=1 m:N—niT-t-l
n# N

Pi(m)= 3 B(m) (%)
m=1 m:an?Jrl

Combining (2)(3)(4)(5), we get that
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We distinguish two cases:
Case Ain! > nf.

Ui( i ,V_
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> B'i(m))
meMa
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The inequality above is due to the fact that] and B'”,
are both sorted from the largest to the smallest. From SAS,
we can see thaB'] hasn? elements inA7, i.e., in the

top N elements ofB’". Hence,
Bl (n]) = BT (N).

This implies thatB’ _; hasN —n! elements in the topV
elements of3’”. Hence,

B' (N —nl+1)<B"(N).
Combining all the above three inequalities, we get that
u (V5 Vo) = ui (VA Vo) > 0.

Case B:n] < ni'. We partition M, into two subsets
]\/fA,1 (|MA71| = n;f) andMA,g (|MA72| = nf‘ —an), such



that the elements with indices it/ 4 ; are the IargeshiT that
elements with indices id/ 4.

/!
= v; alw; ) — v; glw;
ui(‘/iTaV—i) _ ui(‘/;'Aav—i) Ez:( 1§,§S:Di ( ’L-,d( ’L) ’L-,d( z,d))
nT Wi g=Wi,a
- T T
=(> B'i(m)— > B;(m) + > (via(w) — Ui,d(wg_’d))
m=1 meMa 1 1<d<D;
NenT wfi’d<wi,d
T :
- > Bim+ >  BL(m) + 2 (via(wia) —via(w]4)))
meMa o m=N-n#+1 1<d<D; ’
>0- Y BT(m)+(nd —nl)B'_i(N —nd +1) Wha> e
o meMas ’ ’ - ’ = Z( > (vialnig-€) —vialng - €)))
7 1<d<D;
wid<w7,d
o e €) — s (-
Again, the inequality above is due to the fact ti{f and + 1<dz<:D> (vi.a(ia - €) = via(niq - €))
B’Z are both sorted from the largest to the smallest. Recall Wl >w; g
that B’ hasn? elements in the topV elements of 3" . i n! g
Hence,{B'] (m)|m € M4} has at most:? elements in = X X > biam— Y > biam)
the top N elements ofB’”. Consequently{ B'> (m)|m € ! nl,idffd m=n; ;+1 nl'idfriid m=nia+l
M 4} has no element in the tal elements of3’", which S R
implies that, for allm € M, o, It is also clear that,
Ni.d , ";’,d ,
X X > BN)=Xx X >. B(N)
B’T(m) < B’T(N) i 1<d<D; m=nj ,+1 i 1<d<D; m=n;q+l
g - : ngyd<ni,d o ngyd>ni’d
(6)
_— From SAS, we can see that
On the other hand, similar to Case 8/_; has N — nZT
i 1T Qi _ A Ni,d ni,d
elemegts in the topV elements oB"" . SinceN —n +1 < D> S bam >y Y S B/(N),
N_ni +1’ i 1<d<D; m=n/ +1 i 1<d<D; m=n/ ,+1
ngyd<ni,d o ngyd<ni’d -
)
B'_i(N —n +1) > BT(N). and that
";’,d ":;,d
. _ = X X X biam <Y X S B/(N).
Combining all the above three inequalities, we get that i 1<dsD; m=nia+l i 1<d<D; m=n;a+l
ngyd>ni,d n;yd>ni,d
(8)

From equations (6) (7) and (8), we can obtain that

Di Di
> 2 vid(wig) = >0 7 via(w 4)
i d=1 i d=1

u (VT V) —ui(VA, V) > 0.

To summarize, for both Case A and Case B we have Ni,d
shown that =20 X > bidm

i 1<d<D; m=n/ ,+1

ng 4 <Nid ’

T A ";’,d

Vi Vo) 2wV Vo) - 2 Y bam 20
1<d<D; m=n;q+l1
n;yd>ni,d

Hence, all entities submitting true valuation functionssist

; ; Therefore, SAS achieves optimality. ]
a DSE, which means SAS is truthful.

Theorem 4. (Optimality) In single collision domain, SAS V. AUCTION FRAMEWORK FORMULTIPLE COLLISION
achieves optimality. DOMAINS
) o In the previous section, we have proposed a spectrum
Proof: So we need to show that it maximizes the total gction framework for single collision domain that guar-

valuation. antees truthfulness and system efficiency. However, if we

Let U = {w; q4|Vi, Vd} be the spectrum assignment result consider multiple collision domains, the problem becomes
of SAS. Let¥’ = {w§7d|Vi, Vd} be the spectrum assignment very challenging. In particular, given the valuation fuont
result of an arbitrary different mechanism. It is easy to get sets submitted by the secondary users, (even if they are



all true), it is still very difficult to design a spectrum allocation for the other devices owned by the cheating
allocation algorithm that maximizes the total valuation in secondary user. The overall utility of the cheating seconda
the system. Even one simplified version of our problem is user, calculated as the sum of spectrum valuations from all
already NP-Hard: In fact, when we simplify our problem to his devices, may turn out higher eventually. This situaison
require that each device is allocated with a fixed bandwidth difficult to deal with in order to guarantee truthfulness. We
of spectrum, rather than variable bandwidth, the spectrumwill show how we solve this problem later in this section.
allocation problem in multiple collision domains becomes

equivalent to the well-studied graph coloring problem[31] B pesign of Auction Framework

Therefore, designing a system efficient spectrum allonatio
for variable bandwidths is NP-hard.

Given this fact of hardness, we have to weaken our
objective for multiple collision domains. We will focus
on designing a truthful and feasible spectrum auction
framework, which is also challenging. In Section IV-D we
will discuss in detail how to achieve approximate system
efficiency with our proposed spectrum auction framework.

Now we introduce our spectrum allocation algorithm,
which consists of two steps. As the first step of our
algorithm, to enable simultaneous allocation, we divide th
spectrum(f;, f5) into A intervals, and assign the center
frequency of each device to one of the interval centers. We
will discuss the range of parametér and its relationship
with system efficiency in Section 1V-D. Neighbor devices in
the interference graph are not assigned in the same ingerval
and the devices belonging to the same secondary user are
A. Challenges in Design not assigned in adjacent spectrum intervals (in order to

Our goal is to design a truthful spectrum auction frame- prevent secondary users from cheating by manipulating

work that allocates spectra with variable bandwidths to the valugtlon of multiple adjacent dewce;). In our aIIocaan
devices of secondary users without interference. algorithm, the spectrum of each device can grow from its

There are many challenges in designing such a Spectrumcenter frequency to gradually farther spectrum slices, but

auction framework. The first challenge is that we need to not beyond the cent(_ar frequency _in the adjacent int_ervals.
figure out how to charge the use of spectra with variable In tt_us way, each_dewce IS compe_tlng for spectrum W.'th the
bandwidths. In most existing works (e.g., [32], [10], [14]) devices in the adjacent spectrum intervals. Consequadstly,

one key idea for ensuring truthfulness is to charge a winning cr|t|c§1I neighbor can be fixed by one run of the allocation
secondary user aritical value of payment[22]. If a sec- algorithm. . .
ondary user bids higher than his critical value, then he wins _AS the sec_ond _step of our algor_|thm, We assign spectrum
If a secondary user bids lower than his critical value then he fhces to devices n 6,‘ greedy fashion. I_n particular, VSA'N_'
loses in the auction. For a secondary user, the existingsvork grows™ each device’s spectrum following the rules below:
use a neighbor bidder’s valuation on a channel as the dritica (1) No Overlaps. The growth of a device’s spectrum must
value, which satisfies certain conditions.The neighbor is start from the spectrum slices closest to its center frequen
called critical neighbor or threshold neighbor[32], [10]. and gradually go to farther spectrum slices, but not beyond
However, it is difficult to apply this idea directly to our the center frequency in the adjacent intervals. Once VSA-
problem, because for each allocated variable-bandwidthM decides not to assign a symmetric pair to the device, the
spectrum it is more complicated to find its corresponding growth must terminate.
critical value. To tackle this difficulty, we continue to gito  (2) Symmetric Allocation. The spectrum of a device grows
the idea used above of discretizing the spectrum into smallin symmetric pairof spectrum slices. Specifically, suppose
intervals, to facilitate the spectrum allocation and price that, in the first step, VSA-M has assigned the center
calculation. frequency of device(i,d) as CF; 4. Then, in the second
Second, to avoid interference, most existing spectrum step, after assigning symmetric pairs of spectrum slices
auction systems assign channels to secondary users sequete this device, the device’'s spectrum can only grow to
tially, to make sure that the already assigned channelstlo no (CF; 4 — ne, CF; 4 + ne), wheren > 0 is an integer.
interfere with the allocation in the next steps. As a result, The fundamental reason of using symmetric allocation
to compute the price foeachwinning secondary user, it is to guarantee truthfulness when secondary users have
needs to re-run the algorithm once. This is too expensive multiple devices. Suppose that we allow devices to grow
to be feasible for our scenario, sinees supposed to be  spectrum in single slices. Without loss of generality, we
very small. In our design, instead of sequentially allowgiti  assume that starting from the center frequency, the spec-
spectra, we simultaneously allocate spectra to all devicestrum slice on the left side is always first considered to
and thus it only needs to run the algorithm once in total to be assigned, and then the slice on the right side. A toy
compute the prices for all the winning secondary users. At example scenario is shown in Fig. (1). Suppose that in the
the same time, we guarantee no interference in the systemallocation algorithm, devicéi;, d;) is competing for slice
The third challenge comes from multiple devices that s; with device(iz, d2), and devicgi,, ds) is competingss
each secondary user may have. Suppose that a secondanyith device (iz,d2), whered; andds are from the same
user cheats in the valuation function on one of his devices. secondary user. If each secondary user bids truthfullye sli
Even though this particular device does not obtain more s; will be assigned to devicéi,d;) and sz t0 (i2,ds).
spectrum by this cheating, it may still affect the spectrum Nevertheless;j; can submit a lower valuation on slice,
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Fig. 1. Example for the necessity of symmetric allocation. Fig. 2. Example for theSrd restriction.

so that devicgiz, d2) will win s;, and then the price for  Theorem 5. In multiple collision domains, VSA-M is truth-
slice s, (valuation ofis on s3) becomes lower foi;. In ful.
this way, secondary useér manipulates the price for, by
changing his valuation functions. Due to characterizatibn
truthful auctions [22], we can see that this is not truthful.
Therefore, we use the symmetric spectrum allocation, i.e.,
growth of spectrum in slice pairs, to prevent the secondary
users from cheating.
(3) Greedy AssignmentA symmetric pair is assigned to a
device only if the device’s valuation of this pair of speatru
slices is the highest among all its neighbors’ valuations of
the conflicting pairs Here a conflicting pair is a symmetric
pair of spectrum slices for a neighbor (not for this device)
that overlaps with this symmetric pair.

In Figure 2, we illustrate the rule (3) using an ex-
ample. Here secondary usér's device d; andiz's de-

Proof: Consider an arbitrary entity. GivenV_;, the
profile of valuation function sets submitted by all secogdar
users other than, consider two possible strategies of

e., submitting his true valuation function s&’ and
submitting an arbitrary valuation function $ét'. Notations
such asV;T, nI', VA andn* are defined similarly to in the
proof of Theorem 3. (Recall that subscript means the
value is for the scenario thatsubmitsV;” and subscript
A means the value is for the scenario thaubmitsV,A.)
Those values that are not affectedisysubmitted valuation
function set remain without either superscript, etg.,;
for ' # 1.

We can easily get that

vice dy are adjacent. For spectrum symmetric slice pair u (VI V)
P, P, is the only conflicting pair.i;’s valuation on D,
Py IS Ve .4, (8€) — ve, 4,(6€) and iz’s valuation on P, = Y ol wly) —pf
is ’U€2,d2(126) — ’U€27d2(106). If Veq,dy (86) — Vey,dy (66) > = ’
Vey,dy (12€) — ve, 4, (10€), then P is assigned tduvs, dy). D; Mia
Once the growths of all devices’ spectra are completed, = Z vs, Ta(nd, Mg €)= Z > v R
VSA-M calculates the payment each secondary user needs . =tm=t -
to make for his use of spectra: This payment is equal to _ Iy T (& 7
the sum of payments the secondary user needs to make dz1 mzl(“i,d(me) —v; g((m — 1)) — 2 2 Piam
for each symmetric pair of spectrum slices assigned to D, 7Ty
each of his devices. For each pair assigned to a device, = Z Z dm Z Z pldm

the amount of payment due is determined by the device’s =1m=1
neighbors belonging to other secondary users. We consider Similarly, we can obtain that
the valuations of conflicting pairs from such neighbors and

use the highest such valuation as the payment. D; "ia D; M
In the example illustrated in Figure 2, assume tiats ui (Vi Vo) = Ol gm = 2 2 Didm:
the only neighbor ofl; and thate; # e,. Then the payment d=1m=1 d=1m=1
due for usage ofP; is the valuation ofP;: v, 4,(B¢ + Hence,
12€) — Ve, 4, (Be + 10€).
The entire VSA-M framework is shown in Algorithm 2. u (V5 V) = u (VA Vo)
D; ";Fd T ”iA,d bT "Z:d T
C. Analysis of Auction Framework dX::l(mzl b mgl b (mzlpz’d’m
We have the following theorems regarding the truthful- i A
ness of VSA-M. = 2 Piam))



Algorithm 2 VSA-M: Truthful variable bandwidth spec-
trum auction framework for multiple collision domains

1: INPUT: Available Space(fi, f»); valuation function sel;
from each secondary usér the set of neighbors ofi, d):
Neighbr(e, d); €, A.

2: OUTPUT: Allocated spectrum for each deviaé of each
secondary uset: (L; 4, H;,4), and pricep; for eachi.

3 s=% =
. A 2€
4: for each devicg, d) do
5. for each integer s.t.,1 <z < A do
6: if V(i',d') € Neighbr(i,d), fi + (x — 3) s # CFr o
and Vd” #d, st |fi+ (z — 1) - s — CFi /| # s then
7: CFi,d: fi+ (:E — %) - S.
8: Break.
9: end if
10:  end for
11: for each integerj s.t.1 < j < N do
12: bi,d,j = Uiyd(Q . je) — ’Ui,d(2 . (j — 1)6).
13:  end for
14: end for

15: for each devicgi, d) do
16: for (t=1;t< 2;t++) do

17: ,
. e Fe
if bi,d,t > max bi’,d’,(ift+l)
(i’ ,d’) ENeighbr (i,d) 2e
&|CF; g—CFy y]=s
18: ,
il #i
then Pidt = max bel’dl, £ t41)
(i’ ,d’) ENeighbr (i,d) 2e
&|CF g —CFy gr|=s
19: else Break
20: end if
21: end for

22: Ni,d = t—1.

23: Lz‘,d = CFi,d — Ny dE€, Hi,d = CFiﬁd + N4, 4€.
24: end for

25: for each secondary useérdo

26 pi= 0 Yo P

27: end for

Our algorithm states that each

e'#e b
max s—By .
(e’ ,d’) ENeighbr(e,d) e/, d', (=5~ —m+1)

&‘CFi,d—CFe/,d/ ‘:S

Pi,d,m =

Since for eachn, , S‘fo —m+ 1 is a fixed number and
not affected byi’s submitted valuation function set; 4.,
remains the same regardless of whethesubmitsV,” or
VA

ThenVm s.t. 1 <m < min(nfd,nfd) we have

T _ A
pi,d,m - pi,d,m

. We distinguish two cases.
Case Anl, >nt,.

ui (V5 Vo) — (VA V)
D; nfd nfd

= X0 X bam— X

T
pi,d,m)
d=1 m=n? +1 m=n,+1

DT', ng:d

= X0 X Ofgm—plam)
d=1 m:niA’d+1

> 0

The inequality above is due to the fact that, for any<
n!, we must have!, =~>pl, .
Case B}, < nfy.

wi (V5 Vo) — ui (VA Vi)

A A
D; L . niy B
= (_ Z b’L'.,dJTL + Z pi,d,m)
d=1  m=nT +1 m=nT ,+1
A
D; "4
= max b o5,
Z (e’,d’)ENeighbr(e,d) e, d' (=5t —m+1)

d=1 m=nT
MR a T g CFa—CFy o] =s

This inequality holds becausén s.t.,m > ”Zd’

T
bi am < max b
(e’,d’)ENeighbr(e,d)

&‘CFi,d—CFe/ \d’ |:S

e’ ,d’,( ng’f —m+1)"

Therefore, it is a DSE for all secondary users to submit
their true valuation function sets. ]

D. System Efficiency in Multiple Collision Domains

As we have mentioned, maximizing the total valuations
in the system is NP-Hard. In our auction framework, the
system efficiency depends heavily on the first step of the
spectrum allocation, i.e., how to assign frequency centers
to A different spectrum intervals. Intuitively, whefx is
smaller (i.e., each spectrum interval is larger), eachadevi
is more likely to obtain more spectrum in the allocation.
However,A cannot be too small. In order to make sure that
each devices can be assigned a center frequency without
interference and that secondary users cannot benefit from
cheating on the adjacent devices’ valuatiahgnust satisfy
the condition thatA > max(Dmas, 2D}, .. — 1), where
Dinae 1S the maximum degree among all nodes in the
interference graph and), .. is an highest number of
a node’s neighbors from the same secondary user. Since
D,nae + 1 is the lower bound of coloring index in a graph,
it is easy to see thak > D,,,. is a necessary condition to
guarantee that each device is assigned a center frequency.
Note that even if each device has been assigned a center
frequency, some devices may still lose the auction and no
bandwidth is allocated to them.

Given the condition om\, we can extend the first step
in our auction frame to increase the total valuation in
the system. In particular, we can apply the approximate
maximal independent set algorithm [25] to partition the
devices into several independent sets, under the condition
onA.2 The devices in the same independent set are assigned
to the same spectrum interval. In this way, an approximately
maximum number of devices can share the same spectrum
without interference, which increases the system effigienc

3Note that the approximate maximal independent set algoritieeds
to be applied once throughout the entire life of the systesripag as the
interference graph does not change.



V. EVALUATIONS affects their own utilities. In each experiment, one random

We evaluate our spectrum auction frameworks in various S€condary user is picked to be the cheater; its claimed

settings. We carry out two sets of experiments for different valuation function set has eagh q (resp.,v,4) randomly
objectives. chosen between 0 an; ,; (resp.,3v; 2)-* We measure the

utility of the cheating secondary user in each experiment
and also the same secondary user’s utility when he behaves
honestly. The difference is the secondary user’s utility
change brought by cheating. If the change is positive, then
cheating brings higher utilities; otherwise, cheatingsioet
benefit the secondary user.

« The first set of experiments evaluates how the utility of
a secondary user is affected by his possible cheating
actions (in claiming his valuation function set). The
results demonstrate that, when either VSA-S or VSA-
M is used, secondary users’ cheating actions never
increase their own utilities.

« The second set of experiments evaluate the total val- Utilities in VSA-S We perform the above experiments on
uation of allocated spectra in the system. The re- VSA-S, with 1000 runs using valuation functions in the
sults demonstrate that, in a single collision domain form of (9) and another 1000 runs using valuation functions
when a cheating secondary user appears, VSA-S canin the form of (10). We show the cumulative fraction plot of
prevent the total valuation of allocated spectra from utility change in 3 (a). From Fig. 3 (a) we can observe that
decreasing; In multiple collision domains, VSA-M also the utility change when cheating is never positive. In other
achieves good system efficiency in spectrum utiliza- words, secondary users never benefit from, and usually lose
tion. for, cheating. The average utility loss when cheating is

18.94. Similar observations can be made from Fig. 3 (b).

In this case, the average utility loss when cheatingli§2.

A. E i ts Set . i
xperiments Setp Overall, the truthfulness of VSA-S is verified.

The experiments are performed using GloMoSim [18]
on a laptop with 2.0GHz Centrino CPU and 1.96GB RAM. 1 1

We modify GloMoSim to enable the use of variable spectra é 08 08
bandwidths, by setting the MAC layer parameters described & ;4 s
. - :
in [5]. 3 . £ 04 0.4
Unless specified otherwise, we assume thaecondary E 02 02
users, each of whom hasdevices, are randomly located © 0 0
; ; o ; 60 -40 -20 0 20 40 60 -60 -40 -
in an area of300 x 300 m? (for single collision domain Uity Change when Cheating .. Utinty Change when Cheating
experiments), or600 x 600 m? (for multiple collision (&) Valuation function (9) (b) Valuation function (10)

domains experiments). The transmission power of each

device is16dBm. The path loss is set to free space. In all Fig. 3. Utility change for VSA-S. It shows that the utility ahge when

experiments except those in Section V-C, we assume thatc"ealing is never positive when VSA-S is used.

the available band i$8MHz in DTV whitespace (644MHz-

692MHz). All traffic is single hop UDP flows that are Utilities in VSA-M We also perform similar experiments

always backlogged. We set the packet size to 1500 Bytes. on the auction framework for multiple collision domains.
In our experiments, we assume each valuation function Fig. 4 shows the results for VSA-M. We can see that, if

is in one of the following two forms: VSA-M is used, a secondary user’s cheating behavior can

never benefit himself (i.e., there is no positive utility nga

7 1 1 7 * 7 f 7 1 7 . .
vi,d(wiq) = { Bialog(l + via-wia) i wia <1/%ia for cheating). Consequently, the truthfulness of VSA-M is

Bi,alog 2 if wiqa > 1/7i4

9) verified.
vi,d(wi a) = { N 1 1
A Bi.aV/2 if w;q > 1/7.4 5
(10) g 0.8 0.8
The difference in devices’ valuation functions is reflected % 06 08
in the difference in the values of; ; and v; 4. When § 04 04
secondary users submit their valuation function sets, they § 02 0.2
may cheat by changing their values @f; and~; 4. When P80 -120 —100 -60 20 020 -P80 —140 -100 —60 20 0 20
a secondary user is truthful, it should use the true values e e eion o) e e e o)

of 5, 4 and~, 4, denoted byﬁ;d and Vi q- We assume

L . :
Vid = 1/(n?’d* UV[?'ln experiments, we randomly set each Fig. 4. Utility change for VSA-M. It shows that there is no fiv®e
ni,q as an integer i1, 20]. We sete = 1MHz. utility change for cheating when VSA-M is used.

B. Truthfulness and utilities 4We have this random choice of cheater and cheater’s acticaube it

In this set of experiments, we study the truthfulness of is hard to predict who will be the cheater and how the cheaiitbehave

. . in reality. By repeating this experiment for many times, wpé that at

our spectrum auction frameworks. In part'CUIar* we evaluat least some of the randomly picked cheating actions will besitent with
how the cheating behavior of secondary users in bidding real cheaters’ actions in reality.
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C. Total Valuation [3]). In the KNOWS project [31], [30], [23], the concept

The second set of experiments are to evaluate our two©f time-spectrum block is introduced and close-to-optimal

mands. are proposed. In [21], Moscibroda et al. design algorithms

valuation of allocated spectra for the case that all seagnda 10ad. Their results show that load-aware dynamic spectrum
users bid truthfully and compare it with the case that there allocation can significantly improve the spectrum utiliza-
is no payment scheme enforced in the system and onelion. Another important recent contribution [6] in DSA
secondary user cheats in his submission of valuation func-iS ©n DTV whitespaces. In [6], in addition to providing
tions. The result distributions shown in Fig. 5 demonstrate SOme basic design rules and an architecture, Deb et al.
that VSA-S, which guarantees the truthfulness and system@lS0 present a demand-based dynamic spectrum allocation
efficiency, can significantly increase.§2% on average) the algorithm that achieves high performance. These works on

total valuation of allocated spectra with the presence ef on dynamical spectrum allocation consider the scenario that
cheating secondary user. secondary users are not coordinated. The secondary users

need to perform accurate and complicated spectrum sensing
to avoid interfering with the primary user. In contrast, our
work studies dynamic spectrum auctions, in which primary
users can better control the usage of the available spectrum
Hence compared with these works above, we focus on a
different system setting.

[

o
©

o
e

o
=

. One entity cheating
when no payment enforced-

o ‘ —VsA-s There is a considerable number of existing works on
100 12T5ma| Valuatilosr? 175 200 dynamic spectrum auctions (e.qg., [13], [33], [32], [16K]1
[34], [10], [9]). Researchers produce nice and elegant-spec
trum auction frameworks with the goals of truthfulness; sys
tem efficiency, maximum revenue or fairness. For example,

For multiple collision domains, we measure the total in [32], Zhou et al. propose a truthful and computationally
valuations of allocated spectra for VSA-M in two different  €fficient auction scheme; in [34], Zhou and Zheng make
bands, the 2.4GHz ISM band and the DTV whitespaces, @n important improvement by considering the incentives
respectively. We assume that there are 80MHz available Of the spectrum seller. Another truthful spectrum auction
bandwidth in the 2.4GHz ISM band, and 48 MHz available Scheme is presented in [14] for generating more revenue
bandwidth (644MHz-692MHz) in DTV whitespaces. Fig. from the auctions. As we have have mentioned, all these
6 shows the distributions of total valuation of allocated Works on dynamic spectrum auctions only sell spectrum in
Spectra of 100 runs, for our auction framework VSA-M, and units of channels. Our work prOVideS more ﬂelelIlty in
a spectrum allocation algorithm that achieve approximate Selling unused spectrum with variable size of units.
maximum total valuations using [25]. In the figure, we
can see that, for both the 2.4GHz ISM band and the
DTV whitespace, the total valuation of allocated spectra
in the system remains at a high level, compared with the
approximate algorithm. Since the there are more bandwidth
available in 2.4GHz ISM band, system-wide total valuation
is higher than that of DTV whitespace.

Cumulative Fraction

o
i

~<
o

Fig. 5. Total valuation of allocated spectra in single sidih domains.

There are also a number of works on non-cooperative
channel assignment problem in wireless networks [12],
[26], [7], [29], [8], [28]. For multiple radio devices, Fajg-
hazi et al. [7] introduce a strategic game model and obtain
elegant theoretical results. After this work, Wu et al. [29]
propose a solution based on strictly dominant strategies,
and Gao et. al. [8] obtain interesting results in multi-hop
networks. All these works are on assignment of fixed-width

[

1 : X .
50z o5 channels, rather than on allocation of spectra with vagiabl
8 ' bandwidths.
t 0.6 0.6
204 0.4 / In a recent work [28], Wu et al. consider the non-
3 I3 . .
§o.z ---VSA-M 02 J)=--vsa-m cooperative channel allocation problem, when the channel
o if  —/eprox-maximum) ,/ ——Approx-maximum width is adaptive. They model the adaptive width chan-
0 100 200 300 400 500 600 0 200 400 600 800 i i 1
Total Valuation rotal Valuation nel allocation problem as a strategic game and design a
(&) 2.4G ISM band; 80MHz available.  (b) DTV Whitespace;48MHz available payment scheme to guarantee the system converges to a
dominant strategy equilibrium and achieve system optimal-
Fig. 6. Total valuation of allocated spectra in multiplelisidn domains. ity. AIthough this work makes good contributions to non-

cooperative adaptive-width channel allocation in general

our focus is in a different setting of secondary spectrum

VI. RELATED WORK market and we allow more fine-grained spectrum allocation

Dynamic spectrum allocation with variable bandwidth with the consideration of primary and secondary users’
has been studied extensively(e.g., [15], [31], [5], [1L21L] incentives.



VII. CONCLUSION AND FUTURE WORK [21]

Dynamic spectrum auctions are considered promising
in utilizing the unused spectrum more efficiently in the [22]
secondary spectrum market. In this paper, we consider a[23]
more flexible form of dynamic spectrum auction, i.e., the
spectrum can be sold in variable bandwidths. To solve this
problem, we propose two spectrum auction frameworks Eg]
with proved truthfulness and system efficiency properties,
for single collision domain and multiple collision domajins
respectively.

There are many possible ways to further improve our
auction frameworks. For example, our auction framework

. o X [27]

for multiple collision domains can be further extended to
achieve better approximation of system efficiency. More- [28]
over, other design goals such as maximum revenue are also
desirable for variable bandwidth spectrum auction. Wedeav [5q;
these topics to future work.
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